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The Dormouse celebrated its unbirthday 364 days

of the year. Accordingly , this class of integer linear pro-

grams might be called unnetworks. They are interesting and

efficiently solvable because of what is not there.

Applications to idle time scheduling are discussed. 
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0. Introduction

In solving an integer linear program with a 0—1 constraint matrix, suf-

ficient conditions for tractability seem to emphasize the pattern of l’s

within the matrix (e.g. Hoffman and Kruskal [101, In [11]). But by the same

token , the pattern of 0’s may predispose a problem to tractability. In general

this has been overlooked , perhaps because of the natural tendency to concen-

trate on “what is there” rather than on what is not. We make a simple change

of focus to define a complementary problem ; by so doing, we identify a pre-

viously unrecognized class of efficiently solvable integer linear programs.

1. Motivation

Recently a manpower scheduling problem studied by Tibrewala, Philippe , and

Browne [13] has generated considerable discussion in the literature (Baker [2 1,

Brownell and Lowerre [4 ] ,  then [5 ]). The problem is to minimize the number

of workers needed to meet daily requirements with the added proviso that

each worker must be allowed two consecutive days off each week. This may be

modelled ‘as an integer linear program :

mm lx

s.t. 0 1 1 1 1 1 0 b1

0 0 1 1 1 1 1

1 0 0 1 1 1 1 b 3

1 1 0 0 1 1 1 x >  b4 
(1.1)

1 1 1 0 0 1 1 b5

1 1 1 1 0 0 1 b6

1 1 1 1 1 0 0 b7

x > O  , in teger

____________ 
_
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where each column represents a possible pattern of days off , X
j 
represents the

number of workers on work pattern j, and b~ is the number of workers required

on day i.

Now while Tibrewala, et al. have in fact developed a simple numerical al— -;

gorithm for solving this problem, the integer linear program formulation is, on

first glance somewhat distressful: the constraint matrix displays none of those

immediately uendable virtues for~hlch or~ nii~ht FKJpe , i.e., it is not unimodular,

balanced , or even perfect (Padberg [12 ]). Nevertheless, its special structure

is appealing . We observe that there are two zeros in each column. Recalling

that a network may be uniquely associated with a matrix having two ones in each

column , we may imagine that our matrix determines eveeything but a network —

an unnetwork, if you will.

Consider now the complementary problem, which is a sort of negative image

of the original:

max ly

s.t. 1 0 0 0 0 0 1 s — b
1

1 1 0 0 0 0 0 s — b
2

O 1 1 0 0 0 0 s — b 3

0 0 1 1 0 0 0 ~ < . s — b 4 (1. 2)

0 0 0 1 1 0 0 s — b 5

0 0 0 0 1 1 0 s — b 6

0 0 0 0 0 1 1 s — b 7

y > O  , integer

Imagine s to be a workforce size (positive integer, of course); then s — bi

represents the maximum number of workers who may be idle on day i. We then

have formulated the following problem : given a workforce of size s, maximize

the number of workers who may be given two consecutive days off each week.

Clearly, if for given s, the solution satisfies i~~ < s, the workforce is too 

-~~~~~~~~~~~~~~~ . .-- - - - ~~~~~~~~~~~~~~~~~ - ---- ~~~~~~~~—- - ---—~~~~~~~~~~ _
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small to meet daily staffing requirements and still allow everyone time off.

On the other hand , if for fixed s we find ly > s , we may conclude that the

workforce is adequate. If in fact ly > s, we may interpret this to say that

too ~~~~ workers have been assigned time off. A feasible time—off schedule

f or a work force of size s may be easily found , however, by simply reducing

the entries in y to y such that ly = s; that is, time—off is assigned to no

more than s workers. What we seek then is the smallest integer s s* for

which the corresponding solution to (1.1) satisfies iy* > s*, i.e., the smal-

lest adequate work force. We are encouraged to search for this s~ by the happy

fact that the derived problem is a familIar one, viz, a maximum matching pro-

blem on a graph (Edmonds [6 ]).

Let us take a more general and formal view of the idea suggested here.

2. A Primal Problem and Its Complement . -

Let A be a 0—1 matrix of m rows and n columns, and let b be a compatibly

dimensioned vector with all entries integer. Consider the integer linear

program :

mm lx

s.t. Ax > b  (2.1)

x > O , integer

where , without loss of generality , we may assume b > 0.

Let E be the m x n matrix whose every entry is 1, and let 1 and s be corn—

patibly dimensioned vectors whose every entry is 1 and s, respectively. Then

the following integer linear program — which we call the complement of (2.1) —

is of interest.

max ly

s.t. [E—A]~ < ~~~~~~~ (2 .2 )

y > 0 , integer
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Note that the matrix E—A = A
C (read “A complement”) has l’s wherever A has

0’s and has 0’s wherever A has l’s.

The following results then pertain :

Theorem 2.1: Let s~ be the smallest integer s for which the corresponding solu-

tion j~* to (1.2) satisfies ly* > s*. Reduce the entries in y~ arbitrarily —

though maintaining integrality and non—negativity — to y~ such that 1~~ = s~ . V

Then x~ = y~ solves problem (1.1) and the optimal objective function value is

Proof: By construction y* > ~ and integer; and since 0 < Y*r 
< ~~~ we have

that [E—A]y~ < s*_b . This together with iy* = s* iff Ey* = s*, implies that

Ay* > b , so that y* is feasible to problem (2.1). Now if y
~ 

is not optimal

to (2.1), there must exist some ~ feasible to (2.1) such that ly < ly* = 5*•

But then y is feasible to problem (2.2) for s = ‘;‘ = ly, so that the optimal

solution y ’ to (2.2) for s = s’ satisfies ly’ > ly = s’. But this contradicts

the assumption that s* is the smallest integer value of s for which such a

solution exists.

Q.E.D.

Therefore, if we can locate the smallest s = s~ for which the correspond—

ing solution y* to problem (2.2) satisfies I~~* > s*, the solution to the orig—

thai problem is at hand . In ~ddition , when ly* > s*, lemma 2.1 implies that

we have great freedom in moving to an optimal solution y*. Hence , we haver

a host of easily attainable alternative optima from which we may choose in

order to satisf y secondary criteria.

A famous recipe for hare stew begins , “First you catch a hare.. .“ In

this case we must locate s~ . Fortunately an efficient trap is provided by the

several results to follow.

Let b denote the largest entry in b. Thenmax 

~~~~~~~ -- --~~~~~~~~~~~ ~~~~~~~~~-- --.-- -
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Lemma 2.1: b s* < min(lb , nb )______- max — — max

Proof: To establish the upper bound , notice that at optitnality every variable in

problem (2.1) appears in some tight constraint , since otherwise that variable

could be reduced and feasibility maintained. Summing the set T of tight con-

straints yields ~ ~ a1.x~ = ~ b .; but lb > 
~ b . = 

~ 
a~ .x* > 

~ x~ =

icT j  ~ j
~T lET 1 IcT j ~ j

lx = s~ . Also , letting b . = 
~ 

aijx~ 
be a tight constraint in which x~ appears , H

we have that b . = a. .x~ > x~ so that certainly b > x~ and nb > = 5 * ,
1 . 13 3 — 3 max — max —

To show the lower bound , it is sufficient to observe that since x > 0 ,

E x > A x ~~~bso that l x > b . Vj. Thus s* = l x* > b
— — 

~~~3 — max

Q.E .D .

Incidentally, these bounds are in general the best possible , since if

A = E, then s~ = b while if A = 1, s~~ = lb. Of course for speciallymax

structured matrices A , tighter bounds may be derived. At any rate , we may

conclude that both the range and the magnitude of the integer s~ are

bounded by a polynomial in the values of the problem data.

Lemma 2 .2 :  For fixed integer s’, let y’ be the corresponding solution to

problem (1.2). Then ly’ < s’ 1ff S ’ < s*, where s~ is defined in Theorem 2.1.

Proof: If s’ < s* then ly’ < s’ since s* is the smallest integer less than

or equal to i ts corresponding optimal objective function value I~*.

On the other hand , suppose iy’ < s ’ but s* < s’. Then y = y* + [s
t _s
*1

1 0 . 1

satisfies ~ > ~~, and [E—A]~ = [E—A J*+ [E—A] [s I _ s*1 < s* — + E ~

‘

S
’_s*

’

~ =

L o ]  I o J
— g + ~~~~~ — g* = s’ — b;  thus y is feasible to problem (2.2) with s

Moreover ly = ly* + s ’ — s* > 5 * + s ’ — s* > s ’ > ly ’, which contradicts  y ’

• solving (2.2) for s = s ’.

Q.E.D.

5
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Corollary: For fixed integer s ’, let ~~~
‘ be the corresponding solution to (2.2). 

-

Then ly ’ > s’ 1ff s* < s’.

Thus the relationship between s and its associated optimal objective func—

tion value for prob lem (2.2) may be illustrated as in Figure 2.1.

3. An Algorithm Based on the Complementary Problem

We incorporate the preceding results in

A Complementary Algorithm

Step 0: Given the problem

mm lx

s.t. Ax >
~~~~ (2.1)

x > 0, Integer

form the complementary problem

max ly 
22)

s.t. {E—AJy < s — b

y > 0, Integer

Step 1: Search for s~

A. Restrict s* to the interval b < s* < min(l~ , nb ) where s*max — — max

is an integer.

B. Perform binary search (Ah o, Hopcroft , and Ullman [1 1) through this

interval to locate s*. At each iteration s is fixed at a value s’ and

the corresponding version of problem (2.2) is solved; then the optimal

objective function value I~ ’ is compared to s’ and lemma 2.2 invoked

to further restrict the location of s* to 8* < S
’ or s’ < s~ .

Having determined s* and the corresponding solution y* to problem

( 2 . 2 ) , proceed to step 2.

Step 2: Construct the optimal solution to the original problem , (2.1).

_ _  _ _ _ _ _  6 .~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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A. By theorem 2.1, we may reduce entries in y* ~ bitrarily — though maintainiüg

integrality and non—negativity — to construct y~ such that ly~ se’.

Then x* = y* is the solutthn to the original problem , (2.1).

4. Efficiency of the Algorithm

An algorithm may be considered formally eff icient if its worst case perf or—

mance may be bounded above by a polynomial in the size of an encoding of the

problem data (Ah o, Hopcroft , and Ullman [1]). Accordingly, we may consider

an algorithm binary efficient if it is efficien t with respect to a binary en-

coding; similarly , unary efficient if efficient with respect to a unary encoding.

The minimum cost network flow algorithm for instance is binary efficient

(Edmonds and Karp [8]) and the maximum b—matching is unary efficient (Edmonds

and Johnson [7]).

Lemma 4.1: If, for any fixed s, the complementary problem, (2.2), is effi-

ciently solvable with respect to a binary encoding of the problem data, then

the complementary algorithm solves the primal problem, (2.1), with formal

efficiency relative to a binary encoding.

Proof: Since assumed efficiently solvable with respect to a binary encoding,

• suppose the complementary problem (2.2) is solvable in no more than

• O(p(n, log2 
lb. log2 s)) steps for some polynomial p, which we may assume to

be non—decreasing in its variables, n, log
2 
Tb , log2 

s. Since by lemma 2.1,

s* < lb. it must be that log2 
s* < log2 lb. Thus each complementary pro-

blem solved by the algorithm requires no more than 0(p(n, log2 ib, log2 ib))

steps——or simply O(~ (n, log2 
ib)) for some polynomial ~~.

Now , to perform binary search for s* in the interval b < s* < ib ,
max — —

we need solve no more than O(log2 ib) complementary problems ; thu8 , no more

than O(log2 lb • ~~(n , log2 
lg)) steps are required to find s* and the accom—

panying solution to the appropriate complementary problem. 

~~~- . — - ---~~~----- - - - - -
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Finally , constructing v~ ~s dt~~~-r ~~h eci  in theorem 2.1 i~. a simple ~(n) pro-

cess. Therefore , no m or o  t~ian O(iog9 ib p (n , log2 
ib) + :~) steps ~re r equ i r ed

by the complementary al gorithi~ to solve the p~ inai ~r- I~~ n .  C~ carl y this is

polynomial in terms of a b~ a~ir’,- ~r~codir .~- of the  da ta  of -~~~r i-r -~i 1 p roblem.

Corolla ry: If , f o r  auv  f xod s t he r o m p I . - r~ -n t i r v  p r u o  ~~~~ (2.2) is elf ctc-nt].y

solvable with  respect to  a un3r \ - em- .J Lug of uh prLblem data , then ~ fle comple—

mentary al gori thm solves the  priin:~ . r-,f I o n , (2 .1)  , with -r:ud c I t  fC ~1u--; rela—

tive to a unary encoding .

To e f f i c i e n t ly so l- .ro the  p r I  m.:1 t~ i e t - , ,  it is ero ~ n d t  there eX i~~~~L i~on1e

e f f i c i e n t  solut ion technique  fo r  the com~ ~~~o~i t .

5. A Round—Of f Result

A ra ther  su rp r i s ing  rou n d—o 1f i - - - u L t  , si1ni . -. c to  tu.~ 01—ta o-~d by ~V - ~~u h er g er

[15], holds fo r  special  ver~~1o:~ -, of or o t em (2.1).

Consider the cont i nu o u ;--v : t  aed r n ~-:~~ iou ~. - I  p ro - o :is ( 2 .1 )  a nj  ( 2 . 2 )

mm lx

s . t .  A > b  (~~.1)

x
and

max

s .t .  [E—A ~ -.’ < -‘ I) (~, . 2 )

respectively. Then lot t lug z~ h~- t at ,  opt il-kU t ~~~~~~ I -)rl vol tie o ~~- e  - i ut I o u o —

valued problem , (~ .l) and s~ ?h~ t o f  t i ..’ i u i e ~,e r— r :str ictoi ~~~~~~~ 1 1 0 , (2.1).

Theorem 5.1: If for - f - - .- ‘ t , - .- I ~~~1 s , proh~~ u ( 5 . 2 )  o-o~ to o p t i i : -  1 p o i n t  l i i

is integra l , then Iz*1 s~~ , ~~~t t  L~ i~~d c —  - t i  
~~~~ 

r - t ~ - t.- l i ~;t- -~~ i f l~~ g o t

Proof: Let x~ wlve (~~.H wLU x * = z~~. j : : - t ,  h - i  .1r~ utm’nt s~ n : I i r ‘ O th at

of lemma 2.1 , y ’ = x * 4 [[zi — z*
~ 

ts I. - ~~i h I ~ t o  V~..) - r  ~~~~~
- L~~1 and

L ~~~~~

_ _ _  - -



—  --
~ 

—-:- - - - - • -- --_ ~~~~~~~~~~~~~~~~~~~ 
— -=-

~~~~~~~
- --- -—-- j --, - - -- - -- —

= 1z~ 1. Thus tli.: ortimal so~ uri on t - . ( 3 . 2 )  ‘or s = *1 must s-~ i t, I y

ly I z *1 . Moreover , by r h ~ - ,  st:n~ p r-p ~- rt -z o t  ( ‘ . 2) ,  -
~ e ii .tv t . i k c -  t h i s  solu-

t ion to be i n t e ge r  and t h ’ r 1 - f o r - - f o i n L l ~- (2.L . h’~t :1 !-v th o c o r o l l a r y

to lemma 2 . 2 , wi h oyt t h u  g* .: j 
• jt~~~

- 
~ - l ~~~~-~~~

- l i .!)  ~ S ~1 t t - l , , ’ c i L I o f l  - t ( 2 . 1 ) ,

z* < s~~. T h e r o f o r o  wo i f l  lude t h a t  s’ z .

Q. }.. D.

For matrices such t h a t  E—A is  t o u a ~ - . i o r , ( 
~~. 2 ;  u s ~n t c~~rrd

ext reme points and the  r iu i-1 ---~~I I i. -- ; u t t  Ig g l i c- ;  . A p a r t i c u  or  r ~as~- of su .  h

matrices are those fo r  wh i ch the  comp ienoo t  ar - v- g r o b  ~~- -r ~; or o iv a  te f l i  t a -

minimum cost network f low a1 g o r i 1 I l ~~. ! ri  I has ~‘t v e n  o r i~~ ra .  t . - r l i . t t  ion -f

such matrices along w i t h  a pr ot -~ of t h  i r ~ L~ui ‘, 1 : n m o u O ~ i n  y . E x . t ’u~ - ôb

in the fo l lowing sec t ion  i11uo~~r a t e~-; th is pr- p e r r y .

6. Examp les

(a) To re turn  to t i ; .- tk-~~ C~~i O .  vt 2 ~~~~ f f  — .- o f t , 1 j t ~~ p ’ - H  n , fl . 1 ) :

it is clear t ha t  t h i s  may he s o i v e l 1i~~ t h~~~ co’lh eme~~t ic’. - i I  ~- : ~~ i t h r r  us

a bounded series of ma~.i m; u h-—m ~;r Cl iogs o - in t l i  I s - u s e  • ui ,  i x

s — b m a t c h i n g s )  . It  o~tv i i -  Lurt li r oL- .- . -r ’ai  L u - -it  t i e  coup Oj iut -Il t , (1 . -
‘

poses the match i rig p r o o  i em on a S~ CC1O i gr~ ph - - i- :evcri co- it ’ ~~i :u .g I ..

cycle. Moreove r it is not d i f f i c ul t  t o  - - i -  t i l t  L i e  a I M n t  - .. 0:

Tlbrewala , et a l. -md Clien .~ rc o s o c c r  i iii Ly rn-tx ia. flu ,t ching 0J ~‘o r i i  mi

fo r  a s imple ey cl. w i t h  nodo o s t r u i l o  - - - h .  ‘h it s  he ir o i g o r i t h m s

may be considered a ~g i - c 1 a l n:. 1 . n u & - -. t u ; t i t o l l  - î  t i e  o. , ‘n : - .i~~O i ’ -  1 -  i t h m

where the  search f or  s* j~~ c . -~~di .d up  h -  8 - 10 :101  S t  r~iot uro .

For the  cases in  w h t i  ~~ l * - 5 * 1~t .  C~~~~~’~ 
( ‘ li nt  i r - .- ~o r j 1  - ‘

us , in ac dit  ion to  .il~~.— i - i . t r i v e  s~~ l i i  i on s  - SOi -~ op u’ - - i - - 1I i n s i g h t  L o t

the s t a f f i n g  p r o b l e m .  We n u t  - i n t e r  p r - u  t l i t ’  ut ;i ’. i i t  ion u - * b e i n g  much

greater  than 5* t o  i n d i c - u t .  11’ itil tiT upot t h u  1 i t y  ! c tw e !fl U~~’ -
~~ ii k ; - u t  t -rn s
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and the pattern of manpowe r r. -c ~o t. -~~~- i uro . I -er  --~a ii - .;ses , it na :  be

advisable for  the  n u i n i e t o  cons dor  d i i  i e r . -n t ly  a u t u r . ~ u r k  pat-

te rns , or else re ’oS i I- t L . ~ t h a i  - ii ii  -

Inc ident . i  I I  v , I i i s  c I - - h e i t  t r t . . m - - u i -n t a rv  a gor i t  hut w i I i  also

e f f i c i e n t ly  S O l \ e - t u l ~ p r o b l t ’’u oven  —
~ n -~ 1 - i — - . rc-a - o l i v e  d i v s  ol 1.

are allowed. In t h i s  - ~~t’ , t h e  c n i p l e — ’ .-ru t- s i m p l y p sea a n u t O h ;  
~~ W p r o b l e m

-- 
- 

on a graph more gene c t  1 t b - i  -i . rip I t  :v ~le.

(b) Consider a set of m a c h ; i u s u. .t . i :~ r h. s h.H - j t - d  over -u

horizon to meet nc- -hi i r e q u it - -n u t s  b - ~~ r n - u o h i n e  h I s  p e c u l i a r  t o

itself some number o~ .‘on~~ u . - i t ~~ve t trio n ods i r  ing  w h i c h  it  r i st

remain idle — f o r  p r - -- -~ - u u  I V e  m...ncon.- ilct z r r i ia- ~~ u Ii - t.c . in find the minimum

number of machines no ,-u - sarv , we .sv rn ~~~ - t i . t - ;~r~g~ ie r . i  as in this - - ~uorn Ille :

mi.n lx

s.t. 0 1 1 1 h I

O 1 1 1 0 ’

o 1 0 1 P 
-

x 1-
1 1) 1 1 ~~~~~ 

—

1 0 1 0 1

1 1 1 0 1
J

= P o r  I.

where coiu~~ j reflects the ;v- i~ abLity ol ,i. - i i f t o  ‘ o r  th~ discr e t ;c . d

planning horizon , and khi - r -  , i i  any  solit t i ’ri , x~ = 1 - c r u  spouds to Ut  1 1—

iz ing machine j . The key f e a t t i n ’ of  t h  - x , ; r h i  I .e is h i t  A pt ;ess.-s t ho

property of c o n se c u t i v e  0 ’ s In .uo d u n n — . 

-~~ - 
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For (6 1) t h e  t uing 1 i e  i

max ~x

~~.t .  I U ~1 0 0

1 0 0 1) 1

1 0 1 0 1 —  — —

x s — b

o 1 0 11 1

0 1 0 1 0~

1) 0 0 1

= i i  or  i 

-

for which the c o u i s t r a i r tu n u u : L r i x  p - c s e u - ses t o - - ~~~ t i — - k n . ~~ ’ u ‘ u - O n  ~~ c i t i v e  l’ s’’

property (Fulk er so -n  and Gr ~~ [9 ~ • 
i i

~~ t . u 2) is t I - - n . -~ - o r - c l - i c  to  u n - i n —

mum cost ne twork  f l - l w  p r ’ - - )  -
~~ ~~~~ 

- Ce u r n  t cod w i g n t - r  t i - ~~J . h’. o n - T h i c k -

then that  (6 .1)  is e i f i c i e n r l v  u-~~h v - d [ e  un ; a hounder ;  — I ; L L - ’ S o~ -t. n i nneun

cost network f l ow preb~~erns , I n t l  , un er~ - t  , t h u  ~ t the r ou n n d _ ~~ f r ou l t  of

section 5 holds .

7. Another Staffing Prob lem

To indicate  the f l e x i b i l i t y  of  tie I~i O l U ’ -liI1 P 11) 01 -vi 1r , CO ’ S  t i e  ~ p r o b l e m

studied by Brownell and h - m e - n i .  . T h e  n e- -ek o r I o  ~r - u t h e  u u u u n i - - - n- i ’t  w e r W t -r s

required to meet dail y s t a f f i n g  r - ~~u l i  cements W~ - . - t t -  ‘a i woi k e i s  is - l o t t e d  t w o

days o f f  each week includ i ng ev er ’ ’  - t I e r  n a n  ~~- ‘— o .  ‘u ’he v - ,oi i’t th  - -t ’ - Ia  case

in which all weekday st , I f f i r l u -  t~~ u i nt -i: - ; - t c -  I e t  Ic-i l u i -  I wet -coo l n u l l  i :t -m o nt s

are ident ical .  However , f i r tu b e -  mor e - c c -  n ’: c--u s ; -  of  -~ nb I t rul cv .1 ,01 u ( U  r -  n u t - n I t .  ,

a variation of the compi  e n r e n t u  r y  a I g -  n i t  -11 - -: lu cy  I c o t  an t ’I f I o~ ent  so l o t  i on .

The problem may he posed is an i n ’ - - - p - - p r -u i w i t h  ( 1 — 1 - - t i - I Fa i n t  m a t r i x

thusly:  



-- 
~~~~~~~~~~ — --- 

~.2I.~h1.— _—---—_—-----—----. 
i-.’-t•—-’

r n n  i i ~ . + 1x 2

s t (1st wc- ) 1 F
1

(1st weekend) I. b .1 

H - - 
> (7 ,1)

(2nd W u ’ C i -  i I P b
3

L J - —

(2n d u~~e k - - n ~’I I - -.1 b -

> Ii , 110

where each column r e p r e s en t s  a p o s s i bl e  p a t ter n  of 1~~ys  oil , x 1 corresponds

to sh i f t s  wi th  the h i r s t  na- e k u ’ - .: o f f , an d 0t~~~1 ’ b t r m t ~~ t o  a n t  ~~~ S w ith t:- -~

second weekend o f f .  F u r t h e r m o r e ’ , A 1 
i n t l  ,‘- ,

~ 
-ir e c~_ j  r u t  r I  : i S  i-n i t h  ~u l. - . ‘~y t w O

zeros in each column , .- o r r -  . o o i r i i ng  to  rw ~ - da y s  ‘f I f o r  li ’

Now let he the ri ic -h e .1 wc- ho i n u  on sub ‘it I ( ;  i 1 - t t weekend o f f )  and - 

1

let s2 be the number of w o r k . - r s  C u  H i lt  s-c Hun t s = s.~ ~
- s 1 u s  the C I . ’O . 1

of the total  work fo rce .  We observe t o t  u n c l o g  t0 ; w c - - h d o v s  - t  t h e  f i r s t

week both  s h i f t  1 and s h i f t  2 u - n i b  o - - are  or ., : i . - n e J ;  L i -  t o  u : : t - e t  s r H ’ in g  re-

quirements , no mere than s — = + — ~~ ~- ‘r~~ u s  ( O f t  r - —sO t.i . ) t n - u ,

given time o f f  on these d ay s .  On t h e  d~ ’ o f i r s t ’  w u - ~~h ’.-n . t  , e n  i v  H i f t  2

workers are on duty , so til ‘t no ri1-re  t h u ~’i — b ,. wo r i , -’n , - wisi-~ no v ‘(-

off  those days. S i u i 1 i t r l ~~, s, ± 5 ) — —
~~ c-id — c’~~ \7, ’ - .  r Li ~e ;nns  oni t i e

number of workers who nov be o f f  ciur . u c , , Ho dan s ~ f th e se c. H - w u ” r n .

As in s e c t i o n  0 , we ri ;’- - ask :  l u ;  a g Vi i. w r K : , r u ’e -
~~~ s i;.~ ’ s , r i r t i t

Si
’

into two s h i f t s  i-i , and ~~~~ ~ 
-4— s , ,. ‘ t n n t  Is the  m r i x i l n u u n r r  ~ u’,h~ r cit  e o r ~~h t

who may be g iven t ime o f f  a c u - ; ’r e -  Lung t o  t t u w o r k  p u t t  r ~ an d  r u - I  i t  n e t  - i t s  i h u vt ’~

Again , analagously  to s O u l  i o n  0 , ‘ b c  ma ’- he p s ed  , , i t ” c ; t  io ;~ i e  a n.

i i
- 

- - ‘ —---- - - - - - - - - --- -  __ -_  __p -~~~~~ 
- -
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s . t .  0 4 —

P-A 

r~1i ~~~
., -

( 7 . 2 )
I) v t s ., - -

______ L
0

1 -~

1 ‘ 
i i , t n t  e~ i - i

w lu lob  may he deotiup IOul r i t e  t t i ’  - two p ~ub h i m : ,

max

- - ~~~ 1s . t .  F l- — i . Ii I ,- I I
lu;)

— I -
S b- ,

I -t ~~
--u

and

5 .t. H - 
A J V , 

-

- 
- - b 1

- -- 
(7 .3b )

-

-~~~

v~ 
- (~, l o t 1  n u t

P r  e l i  l i - t u t o  ( 7 .  , t i u , I  h I  c’ ’ t. m i  L i i  t o  l i t  t i n  n o i i , s e ’ ul i i i  x u i n g r l L n  O . i .  In

t h i s  c’ - in - ;h u ; i  i t  t W i t  - — I ~c-’~ 0 11 ~- - + S .n ,~ u u - t  i i i  I ’ I’ m 0 1  m u - S ‘ t u - u  I t i l l  50 m t  i ens
I -

t o  ( 7 .  ~,i ii;.j h )  w h i L - l i  -~ . i t i r - i t v  [ ‘~‘~ - and I v , —u , . t h u s  wi u n u i i t . t  ‘ - i c - - I l  f or

t he ’ sma I l o st  In t e g er  : ;  i c - I  i n -  - I w i  H a p i t  I t I t in s - +- .c I i t  i - l i  i ot t  t m u s s  oou ;—

dl t t ons  I t ’ s ’ s~ I t 1 S t  i , -d . u t - h  i t t  . . a r i d  - I C - - - r ’ ~ - u t i ’ ~ t u g  p a r t  i t  ion  c-ui -- bt ’ t ound  liv i p —

p l y i n g  t w o — d i m e n s  f o n t I L i i i ’  i t  ‘I- S O , : - i i i  ( h ~’ I ‘ I  w i  ii m i n t u u t - ( o r  I I x - d  ~

r e s t  r i - t  ott ti t I t s ’  l i l t  - - u i  - 0 — - 4 /  .‘ I ~~~ t It I s  l i l t - - u - v t I it L i s t  i v  - ; ~~ i t  c li  i c - 

-

~-~‘rt ormed , SI ’ lv i  rig , it  i - -h st  -p t t i ~~ .i~’~’ t -  - I  i~~t - .  v u - r :  L I  , i i t  o t  ( 7 . t n  tu tu hi’ i t

-- --
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am acceptable partition , s = s1 + s~~, is found , then s is an adequate workforce

and s* < s; if no acceptable partition is found then s is not adequate and

* *~ < s~~. Finally,  having determined s* = s1 + s
2 
and th e corr esponding solutions

_ *
y1 and y2 to (7.3a and b), an optimal solution to (7.1) is constructed as in

theorem 2.1. In a manner analagous to section 2, the preceeding may he for-

mally argued.

If 0(p(n, log2 ib)) reflects the complexity of problem (7.3), then as in

section 5, it may be argued that this solves c l u e  ~rownell and Lowerr e problem

in no more than 0((log j~)2 . 
~ (n , log

2 
I~) + a) steps. Again this is formally 

- 
-

efficient with respect to a unary encoding since the problems (7.3) are matching

problems.

Additionally, it may be noted that this approach solves [he “ k — 1 out

of k’t weekend problem in no more than 0(( log
2 

ibi 1
~ p~n, log2 

ib) + rn) steps.

8. Extensions and Applications

While the above analysis was carried out I.i r (2.1) a min imiza t i on  problem t

with “> “ constraints , similar results hold for :ni,iximization problems with

~~~~~ constraints .  In add i t ion , several .  t ec hn i c il e x t e n s i o n s  of this approach

are possible (Bar tho ldi  [ 3 ] ) .  For i t s c n n t ’e , in some caseu~ one may choose to

flip the 0’s and l’s in just ,i p o r t ion  u n f  t h u  o ncn s t r r i i n t  m a cr i n < , a s was done in

section 7. Also , for the case sf su ~~ I t r a u - i i v ’wus i g h r v d  obje~’t ive f c - ;u u - t ’ i o n s  cx,

a smaller but still useful class of pronlems rud y he S O n VO ’u  Liv a s in - . i l o r  idea .

The par t icular  app l i cab i l i ty  H this  t c c n i u i q u e  st erns tot i t t -  in scheduling /

s t a f f i n g  problems , where i t  appears n a t u r a l  to  model  lu T h/ p r u c e s s o r  a v a i l a b i li t y

by 0 — 1 matr ices . As i l l u s t r a t e d  hr -r e ’, many of the  b a s i c  1-ro Ll or’, have appeal l ingly

pat terned ma t r i ces . Th i s  i s  p u - - i L  i v  !i’ i i u -  c i t  t i e ’  4 - ; ‘ i d - r’ - - r t  i i  mo d e ls

of idle t ime schedul i ng —— t h e  r e su l t - u  of usu i n i c h  a r e ’ u i n i t i e d  - t ~~~ ! e x t ended  by th i s

complementary approach .

Final ly,  an area of obvious  ap p i  i i - ~~h 1 I t  - - u ’  u t u h t  !‘e t o  p b lems w i t h  dense

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _
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0 — 1 matrices . The complements would of course be sparse and therefore per—

haps amenable to (at least empirically efficient) solution .

•1

‘1

_ _ _ _ _ _ _  
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